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Abstract
It is a general belief that the only possible way to consistently deform the Pauli–
Fierz action, changing also the gauge algebra, is general relativity. Here we show
that a different type of deformation exists in three dimensions if one allows for
PT non–invariant terms. The new gauge algebra is different from that of diffeomor-
phisms. Furthermore, this deformation can be generalized to the case of a collection
of massless spin–two fields. In this case it describes a consistent interaction among
them.
1 ”Chercheur F.R.I.A.”, Belgium.
1 Introduction
It is a general belief that the only possible gauge algebras for a theory of a massless
spin–two field are the abelian and the diffeomorphism algebras. However, if we allow
for deformations that break PT invariance there is another possibility in three spacetime
dimensions (and perhaps in five), as we show in this paper.
The possible gauge algebras for massless spin–two fields have been recently studied
in [1], in the context of an investigation on the problem of consistent couplings for a
collection of massless spin–two fields, carried out by using BRST–based techniques (see
[2] and references therein). The main result of [1] was that theories involving different
types of massless spin–two fields with non trivial, consistent, cross-interactions do not
exist. This no-go theorem holds under the assumption that (i) the Lagrangian contains
no more than two derivatives of the massless spin-2 fields {haµν} (a = 1, · · · , N); (ii) the
interactions can be continuously switched on; (iii) the interactions are local and Poincare´
invariant; (iv) in the limit of no interaction, the action reduces to the sum of one Pauli-
Fierz action [3] for each field haµν , i.e.
I0[h
a
µν ] =
N∑
a=1
∫
dnx
[
−
1
2
(∂µh
a
νρ) (∂
µhaνρ) + (∂µh
aµ
ν) (∂ρh
aρν)
−
(
∂νh
aµ
µ
)
(∂ρh
aρν) +
1
2
(∂µh
aν
ν)
(
∂µhaρρ
)]
(1.1)
(spacetime indices are raised and lowered with the flat Minkowskian metric ηµν , for which
we use a “mostly plus” signature). The free action (1.1) is invariant under the linear gauge
transformations, δǫh
a
µν = ∂µǫ
a
ν + ∂νǫ
a
µ. These transformations are abelian and irreducible.
The Pauli-Fierz action is in fact the linearized Einstein action and describes a massless
spin-2 system.
To prove this statement, the techniques of [2] were used to find all the possible defor-
mations of (1.1) which deform the gauge algebra (in the language of [2], the ones with
a2 6= 0) and satisfy the conditions (ii), (iii), and (iv). Then, the deformations which
modify the gauge transformation without changing the gauge algebra (a1 6= 0, a2 = 0)
and the ones that do not modify the gauge transformations (a0 6= 0, a1 = a2 = 0) were
ruled out, by imposing the conditions (i), because all of them contain more than two
derivatives. It was found that the only possible deformation of the abelian gauge algebra
of (1.1) is a direct sum of independent diffeomorphism algebras, and the corresponding
action is a sum of independent Einstein–Hilbert (or possibly Pauli–Fierz) actions.
However, the possibility of deformations which break PT–invariance was not consid-
ered in [1], also because they would lead to interaction terms with three derivatives.
As we will show in section 3, there are two such ”exotic” deformations which solve the
consistency equations at first order in the deformation parameter µ
I = I0 + µ
∫
dnx a0 +O(µ
2) . (1.2)
One is in d = 3 spacetime dimensions
a0 =
1
3
εαβγηρσ∂[ρh
b
µ]α∂
[µh
ν]a
β ∂[σh
c
ν]γaabc (1.3)
1
and one in d = 5 spacetime dimensions
a0 = 64ε
αβγρσ∂[ρh
b
µ]α∂
[µh
ν]a
β ∂[σh
c
ν]γaabc . (1.4)
The corresponding gauge transformations are, respectively,
δǫh
αµa = 2∂(αǫµ)a +
µ
2
εβγδ
(
∂[βhα]µb + ∂[βhµ]αb
)
∂γǫδcaabc +O(µ
2) (1.5)
and
δǫh
aασ = 2∂(αǫσ)a − 2µ(εαβγδρ∂βh
b σ
γ + ε
σβγδρ∂βh
b α
γ )∂δǫ
c
ρa
a
bc +O(µ
2) . (1.6)
These deformations involve one more derivative than the Einstein theory (so, the coupling
constants have different dimensions), and break PT–invariance. This is similar to what
happens in the Freedman–Townsend model [4] for two–form fields in four dimensions,
and in [5] for one–form fields in three dimensions, which have one more derivative than
Yang–Mills theory and break PT–invariance.
In the three dimensional case (1.3), (1.5) the spin–two fields take values in a commuta-
tive, symmetric (see [1]), but not necessarily associative algebra A. In the five dimensional
case (1.4), (1.6) the algebra A is anticommutative, and then there must be more than one
field. These algebras are defined by means of the constants aabc.
The fact that (1.3), (1.5) and (1.4), (1.6) satisfy the consistency equations at first order
in the deformation parameter does not guarantee a priori that they can be extended to
deformations consistent at all orders. In the case of (1.3), (1.5), which arises in three
spacetime dimensions, this extension is actually possible. In fact, it is possible to write
a complete expression, in first order formalism, for the action and the gauge symmetry.
We derive it for the case of a single massless spin–two field and, then, for the case of a
collection of massless spin–two fields. In order to find this action in first order formalism
we consider the Chern–Simons formulation of gravity in three dimensions [6], and change
the ISO(2, 1) algebra to
[Jm, Jn] = εmnp (J
p + µP p)
[Jm, Pn] = εmnpP
p
[Pm, Pn] = 0 . (1.7)
Actually, this is only a change of basis, and then it still describes general relativity.
However, if we ”switch off” the Einstein interaction, that is, expand the fields in the
dimensionful constant ℓ and send it to zero, we do not find general relativity, but a first
order action with a new µ–dependent gauge invariance. The second order formulation is
a formal infinite series in µ, and, up to O(µ), coincides with (1.3), (1.5).
We stress that such a theory does not admit a Chern–Simons formulation (even if it
can be obtained by taking a limit from a Chern–Simons theory). So, it seems difficult to
find a geometrical structure underlying this theory. Maybe this issue could be addressed
by looking for something similar to the actions studied in [8].
Generalizing to a collection of spin–two fields 1, we find that the no–go theorem found
in [1] for consistent interactions does not apply. In fact, an essential ingredient for that
1Collections of massless spin–two fields were investigated before in [7].
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theorem was the associativity of the algebra A in which the fields take values, while in
the deformation (1.3), (1.5) the algebra A is in general not associative.
In the five dimensional case (1.4), (1.6), it seems impossible to prove that the defor-
mation is consistent to all orders working as in the case (1.3), (1.5). Then, in principle,
this deformation could be obstructed at some higher order. However, if it is consistent, it
would be a very interesting theory, because in this case the algebra A is anticommutative
(and could be a Lie algebra). Furthermore, such a theory would be defined in d = 5 space-
time dimensions, which constitutes an arena for several interesting recent developments
of theoretical physics.
As a remark, we consider also what happens when, starting from a single Pauli–Fierz
action, we turn on both the PT–breaking deformation (that at first order in µ is (1.3),
(1.5)) and general relativity. The resulting theory is formally related by a field redefinition
(or, more precisely, a BRST transformation) to the so called ”topological massive gravity”
[9] found by Deser, Jackiw and Templeton. However, such a field redefinition can be
defined only order by order in the deformation parameter, while non–perturbatively it is
not invertible and changes the number of degrees of freedom.
In section 2, we briefly recall the master–equation approach to the problem of consis-
tent interactions. In section 3 we show that, if we do not require PT–invariance, there
are new solutions of the problem studied in [1], at least at first order in the deformation
parameter, in three and five spacetime dimensions. In section 4 we find a complete ex-
pression, in first order formalism, for the action and the gauge symmetry corresponding
to the deformation (1.3). The deformation of a single Pauli–Fierz action by both general
relativity and (1.3) is discussed in appendix A.
2 Cohomological formulation
A detailed exposition of the ideas of deformation theory using the BRST cohomology
techniques in Batalin-Vilkovisky formalism can be found for example in [2] together with
useful references. Here we only briefly describe these features.
2.1 Gauge symmetries and master equation
Let us consider an irreducible gauge theory with action S[Φi] whose gauge symmetries
are given by
δǫΦ
i = Riα(Φ)ǫ
α, (2.1)
and gauge algebra
Rjα (Φ)
δRiβ (Φ)
δΦj
−Rjβ (Φ)
δRiα (Φ)
δΦj
= Cγαβ (Φ)R
i
γ (Φ) +M
ij
αβ (Φ)
δS
δΦj
. (2.2)
3
When M ijαβ 6= 0
2, the gauge transformations close only on shell. The Noether identities
read
δS
δΦi
Riα = 0. (2.3)
One can derive higher order identities from (2.2) and (2.3) by differentiating (2.2) with
respect to the fields. These identities, in turn, lead to further identities by a similar
process.
It has been established in [10, 11] that to every action S one can associate a functional
W depending on the original fields Φi and on additional fields : the ghosts Cα and the
antifields Φ∗i , C
∗
α. The fields Φ
i and C∗α are bosonic while Φ
∗
i and C
α are fermionic.
W starts like
W = S + Φ∗iR
i
αC
α +
1
2
Φ∗γC
γ
αβC
αCβ +
1
2
Φ∗iΦ
∗
jM
ij
αβC
αCβ + “more” (2.4)
(where ”more” contains at least three ghosts) and fulfills what is called themaster equation
(W,W ) = 0 . (2.5)
The bracket (., .) (called antibracket) makes the fields and the antifields canonically con-
jugate to each other. It is defined by
(A,B) =
δRA
δΦi
δLB
δΦ∗i
−
δRA
δΦ∗i
δLB
δΦi
+
δRA
δCα
δLB
δC∗α
−
δRA
δC∗α
δLB
δCα
, (2.6)
where the superscript R ( L) denotes a right ( left) derivative, respectively. The an-
tibracket satisfies a graded Jacobi identity (cfr [12] for all the information about BRST
symmetry and Batalin-Vilkovisky formalism).
The solution of the master equation (2.5) and the expression (2.4) for W give us all
the information about the gauge symmetries of the action S (gauge transformations (2.1),
gauge algebra (2.2) ). The master equation is fulfilled as a consequence of the Noether
identities (2.3), of the gauge algebra (2.2) and of all the higher order identities alluded
to above that one can derive from them. Conversely, given some W , solution of (2.5),
one can recover the gauge-invariant action as the term independent of the ghosts in W ,
while the gauge transformations are defined by the terms linear in the antifields Φ∗i and
the structure functions appearing in the gauge algebra can be read off from the terms
quadratic in the ghosts. The Noether identities (2.3) are fulfilled as a consequence of
the master equation (the left-hand side of the Noether identities is the term linear in the
ghosts in (W,W ); the gauge algebra (2.2) is the next term in (W,W ) = 0). In other
words, there is complete equivalence between gauge invariance of S and the existence of
a solution W of the master equation.
Besides the “fermionic” grading given to the algebra G of the dynamical variables, one
has endowed this algebra with a Z-valued “ghost grading” called ghost number and an
2Here we are using the De Witt’s condensed notation, in which a summation over a repeated index
implies also an integration. The Riα (Φ) stand for R
i
α(x, x
′) and are combinations of the Dirac delta
function δ(x, x′) and some of its derivatives with coefficients that involve the fields and their derivatives,
so that Riαε
α ≡
∫
dnx′Riα(x, x
′)εα(x′) is a sum of integrals of εα and a finite number of its derivatives.
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other Z-valued grading for the antifields called antighost number, or sometimes antifield
number.
In Batalin-Vilkovisky formalism, all the fields of linearized gravity in metric formula-
tion where
gaµν = ηµν + κ
ahaµν (2.7)
are given by
• the fields haαβ, with ghost number zero and antifield number zero;
• the ghosts Caα, with ghost number one and antifield number zero;
• the antifields h∗αβa , with ghost number minus one and antifield number one;
• the antifields C∗αa , with ghost number minus two and antifield number two.
The action for a collection {haµν} of N non-interacting (a = 1, . . . , N) massless spin-2 fields
writes [3]
I0 =
∫
dnx kab
[
−
1
2
(∂µh
a
νρ)
(
∂µhbνρ
)
+ (∂µh
aµ
ν )
(
∂ρh
bρν
)
−
(
∂νh
aµ
µ
) (
∂ρh
bρν
)
+
1
2
(∂µh
aν
ν )
(
∂µhbρρ
)]
, (2.8)
with a quadratic form kab defined by the kinetic terms. In the way of writing the Pauli-
Fierz action above, kab is simply equivalent, modulo field redefinitions, to the Kronecker
delta δab. This is essential for the physical consistency of the theory (absence of negative-
energy excitations, or stability of the Minkowski vacuum). The gauge transformations
are
δǫh
a
αβ = R
a γ
(0)b,αβǫ
b
γ = ∂αǫ
a
β + ∂βǫ
a
α (2.9)
where ǫaα are n × N arbitrary independent functions. These transformations are abelian
and irreducible. The solution of the master equation for the free theory is
W0 = I0 +
∫
dnxh∗αβa (∂αC
a
β + ∂βC
a
α). (2.10)
We define the BRST operator and its action on a functional A by
sA = (W0, A), (2.11)
that is, as a canonical transformation in some extended phase space 3. This enables us to
get the BRST differential s of the free theory as
s = δ + γ (2.12)
3Namely, W0 is the generator of the “canonical” transformations.
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where the action of γ and δ on the variables is zero except
γhaαβ = 2∂(αC
a
β) (2.13)
δh∗αβa =
δI0
δhaαβ
(2.14)
δC∗αa = −2∂βh
∗βα
a . (2.15)
Note in particular that γCaα = δC
a
α = 0.
The nilpotency of the differential s follows from the graded Jacobi identity for the
antibracket and from the fact thatW0 satisfies the free master equation sW0 = (W0,W0) =
0. The decomposition of s into δ plus γ is dictated by the antifield number: δ decreases
the antifield number by one unit, while γ leaves it unchanged. Combining this property
with s2 = 0, one concludes that
δ2 = 0, δγ + γδ = 0, γ2 = 0. (2.16)
The differential γ is the longitudinal derivative along the gauge orbits, while δ enables us
to implement the field equations in a cohomological construction.
2.2 Consistent deformations as a cohomological problem
We would like now to deform the free action I0 by adding to it interaction terms
I0 → I = I0 + λI1 + λ
2I2 + . . . (2.17)
We associate to S the functional W
W =W0 + λW1 + λ
2W2 +O(λ
3) , (2.18)
where W0 is the solution of the master equation for the free theory. W also has to fulfill
the master equation
(W,W ) = 0 , (2.19)
in order for the deformation to be consistent. It is worth noting that in this way, we find
deformations with the same number of physical degrees of freedom as the original theory
(and also the same number of independent gauge symmetries, reducibility identities, . . .).
So, the problem of deforming an action consistently turns out to be equivalent to
the problem of deforming the solution W0 of the master equation (W0,W0) = 0 into a
solution W of the deformed master equation (W,W ) = 0. We can treat this last problem
perturbatively in power of the deformation parameter λ. Then we try to construct the
deformations order by order in λ.
Substituting (2.18) in (2.19) yields, up to order λ2,
O(λ0) : (W0,W0) = 0 (2.20)
O(λ1) : (W0,W1) = 0 (2.21)
O(λ2) : (W0,W2) = −
1
2
(W1,W1). (2.22)
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The first equation is fulfilled by assumption since the starting point defines a consistent
theory. Then, the solutions of equation (2.21) give the deformations up to order λ.
However, these deformations are actually consistent only if they fulfill equation (2.22)
and the equations at higher order in λ. This was proved, for example, in the case of
the deformation studied in [1]. Alternatively, one could take a deformation at order λ,
solution of (2.21), and search for a consistent theory that, at first order in λ, coincides
with that deformation. This is the approach we follow in this paper.
Equation (2.21) can be rewritten as
sW1 = 0 . (2.23)
On the other hand, it can be shown [2] that solutions of the form
W1 = sΛ (2.24)
correspond to trivial deformations, e.g. field redefinitions. So, the first-order non-trivial
deformations of W0 are elements of the BRST cohomology group (in ghost number 0)
H0(s) [13]. Because the equation s
∫
a = 0 is equivalent to sa + dm = 0 for some m,
and
∫
a = s
∫
b is equivalent to a = sb + dn for some n, one denotes the corresponding
cohomological group by H0,n(s|d) where the integrand a, b, m, n are local forms, that is,
differential forms with local functions as coefficients. Local functions depend polynomially
on the fields (including the ghosts and the antifields) and their derivatives up to a finite
order (in such a way that we work with functions over a finite-dimensional vectorial space,
the so-called jet space).
To compute the consistent, first order deformations, i.e., H0,n(s|d), one needs H(γ)
and H(δ|d). For this computation we refer to [1]
3 Cohomological deformations in 3 and 5 dimensions
From the computation of H0,n(s|d) (see [1]) one finds that W1 has, modulo BRST trans-
formations, no term with antighost number greater than 2:
W1 =
∫
(a0 + a1 + a2) . (3.1)
We recall that the antighost number zero term a0 is the deformation of the action, the
antighost number one term a1 gives the deformation of the gauge transformations, and
the antighost number two term a2 gives the deformation of the gauge algebra. In this
paper we are considering the deformations which change the gauge algebra, and have then
a2 6= 0.
From the study of H0,n(s|d) it emerges (see [1] and [14]) that a0, a1 and a2 have to
satisfy the following equations 4:
γa0 + δa1 = ∂µj
µ
0 (3.2)
4As often in the sequel, we shall switch back and forth between a form and its dual without changing
the notation when no confusion can arise. So the same equation for a is sometimes written as sa+db = 0
and sometimes written as sa+ ∂µb
µ = 0.
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γa1 + δa2 = ∂µj
µ
1 (3.3)
γa2 = 0 . (3.4)
The equation (3.4) determines a2 modulo γ–exact terms, corresponding to BRST trans-
formations, that is, a2 ∈ H2(γ). But a necessary condition for a2 to be consistent is that
(3.3) also has solutions, namely, a2 ∈ H
n
2 (δ|d). It can be shown that this imposes to a2
the following necessary condition: it is linear in the antighosts C∗µ, while it contains no
quadratic part in the antifields h∗µν (then, as one can see by comparison with the explicit
form of W , the algebra closes off shell). Then, the fact that W has ghost number zero
implies that a2 is quadratic in the ghost or their derivatives. Furthermore, it can be shown
that a2 cannot depend on hαβ . Then, the antighost and the ghost have to be contracted
among themselves, or with a Poincare´ invariant tensor, that is, with εα1...αn . Terms with
two derivatives on one ghost are excluded, because
∂αβC
a
γ = γ
(
Γaαβγ
)
(3.5)
with
Γaαβγ ≡
1
2
(∂αh
a
βγ + ∂βh
a
αγ − ∂γh
a
αβ) , (3.6)
and a2 ∈ H(γ). It follows that the only few possibilities are
a2 = −C
∗β
a C
bα∂[αC
c
β]a
a
bc in any dimension (3.7)
a2 = ε
αβγC∗aαC
b
βC
c
γa
a
bc and a2 =
1
4
εβγδC
∗
aα∂
[αCbβ]∂[γCbδ]aabc in d = 3 ; (3.8)
a2 = εµαβγC
∗µ
a ∂
[αCbβ]Ccγaabc in d = 4 and (3.9)
a2 = ε
αβγδρC∗aα∂βC
b
γ∂δC
c
ρa
a
bc in d = 5 . (3.10)
where aabc are constants, which define an algebraic structure on the space in which the
fields take values.
Among these, only the deformation (3.7) was considered in [1], because the others,
built up with the Levi–Civita tensor, break PT invariance, and because the corresponding
deformations of the action (when (3.2), (3.3) are satisfied) contain more than two deriva-
tives. However, as we said, it is an interesting issue to study these deformations. Then,
in the following, we will consider the cases (3.8), (3.9), (3.10).
3.1 The three dimensional case
The algebra deformation
a2 = ε
αβγC∗aαC
b
βC
c
γa
a
bc, (3.11)
is not consistent because (3.3) has no solution. In fact, modulo total derivatives,
δa2 = −4h
∗ σ
aα ∂[σC
b
β]C
c
γǫ
αβγaabc (3.12)
is a non–trivial element of H(γ|d).
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Let us consider the deformation
a2 =
1
4
εβγδC
∗
aα∂
[αCβ]b∂[γCδ]caabc. (3.13)
Equation (3.3) gives
δa2 = ∂µj
µ
1 + γ
[
1
2
εβγδh∗µαa
(
∂[αhβ]µb∂γCδc − ∂[αCβ]b∂γhδµc
)
aabc
]
. (3.14)
It admits a solution, which is (modulo γ–exact terms)
a1 = −ε
βγδh∗µαa∂
[αhβ]µb∂γCδcaa(bc) , (3.15)
provided
aabc = a
a
(bc) . (3.16)
The deformation (3.15) corresponds to the following gauge transformation:
δǫh
αµa = 2∂(αǫµ)a +
µ
2
εβγδ
(
∂[βhα]µb + ∂[βhµ]αb
)
∂γǫδcaa(bc) +O(µ
2) . (3.17)
We stress that (3.15) is defined modulo a solution of the homogeneous equation γa1 +
∂µk
µ
1 = 0, which do not deform the algebra. For a discussion about this ambiguity, see
[1].
Equation (3.2) admits a solution if and only if
aabc = a(abc) (3.18)
where aabc ≡ δada
d
cb. The solution (modulo γ–exact terms and total derivatives), namely,
the deformation of the lagrangian, is
a0 =
1
3
εαβγηρσ∂[ρh
b
µ]α∂
[µh
ν]a
β ∂[σh
c
ν]γaabc . (3.19)
The consistency conditions at second order in the perturbation is
(W1,W1) = −2sW2 . (3.20)
This condition, at antighost number two, is always satisfied:
(a2, a2) = γ
(
1
2
εβγσερµνC
∗
αa∂
[αCβ]b∂[σCρ]e∂µhνγc aabda
d
ec
)
. (3.21)
Notice that in the case of the deformation studied in [1], at this stage the associativity
condition arise, while in our case no condition is required for (a2, a2) to be γ–exact.
Instead of verifying the rest of (3.20) and the higher order conditions, we will provide in
section 4 a shortcut to prove that this deformation is consistent, namely, by constructing
its complete expression.
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3.2 The four dimensional case
The deformation
a2 = εµαβγC
∗µ
a ∂
[αCβ]bCγcaabc (3.22)
is not consistent. In fact, trying to solve (3.3) one finds that δa2 is a non–trivial element
of H(γ|d), and there is no way to get rid of it by imposing conditions on the coefficients
aabc.
3.3 The five dimensional case
The deformation
a2 = ε
αβγδρC∗aα∂βC
b
γ∂δC
c
ρa
a
bc . (3.23)
is not vanishing only if
aabc = a
a
[bc] . (3.24)
So this deformation can occur only if there is more than one spin–two field. The solution
of the equation
δa2 + γa1 = ∂
µj1µ (3.25)
(modulo deformation with a2 = 0, see [1]) is
a1 = −4ε
αβγδρh∗ σaα ∂βh
b
γσ∂δC
c
ρa
a
bc =
= 4εαβγδρh∗ σaα Γ
b
βγσ∂δC
c
ρa
a
bc . (3.26)
The corresponding gauge transformation is
δǫh
aασ = 2∂(αǫσ)a − 2µ(εαβγδρ∂βh
b σ
γ + ε
σβγδρ∂βh
b α
γ )∂δǫ
c
ρa
a
bc +O(µ
2) . (3.27)
Equation
δa1 + γa0 = ∂
µj0µ (3.28)
has solution if and only if
aabc = a[abc] . (3.29)
The solution, which is the deformation of the Pauli Fierz lagrangian at the first order in
the perturbation, is
a0 = 64ε
αβγδρ∂[αh
a
ξ]β∂
[ξh(b)σ]γ ∂[σh
c
ρ]δaabc . (3.30)
Condition (3.24) suggests that maybe this theory describes an interaction between Lie
algebra–valued spin two fields. In this case, the Jacobi identity should arise from the
consistency conditions at second order in the perturbation, that is
(W1,W1) = −2sW2 . (3.31)
This condition, at antighost number two, is always satisfied:
(a2, a2) = −4∂
ηC∗λd ∂
µCfν∂βC
b
γ∂δC
c
ρελµνραε
αβγδρaabca
d
af (3.32)
which is γ–exact, because integrating by parts one find all terms with second derivatives
of ghosts.
We do not know more about this theory, in particular we do not know if the consistency
conditions at the higher orders are satisfied. In the following, we will consider only the
deformation (3.19), (3.15), (3.13), defined in three spacetime dimensions.
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4 First order formulation of the three dimensional
theory
In the previous sections we have proved the consistency of the deformation corresponding
to (3.19) only up to first order. It is possible to show that this deformation is consistent
at all orders, and to find its complete expression, by turning to ”first order formulation”.
We consider first the case of a single massless spin–two field. We find the action
IEX =
∫ (
1
2
εmnph
m ∧ dΩnp +
1
2
εmnp ∧ E
(0)m ∧ Ωnq ∧ Ω
qp +
1
3
µ¯Ω mp ∧ Ωmn ∧ Ω
np
)
, (4.1)
which is invariant under the gauge transformation
δhm = 2dǫm − 2E(0)nσ
mn − µ¯εnpqΩmnσpq
δΩmn = dσmn , (4.2)
as can be checked directly. Generalizing to a collection of such fields, the action is
IEX =
∫ (
1
2
δab
(
εmnph
m|a ∧ dΩnp|b + εmnpE
(0)m ∧ Ωn|aq ∧ Ω
qp|b
)
+
+
1
3
µ¯abcΩ
m|a
p ∧ Ω
b
mn ∧ Ω
np|c
)
, (4.3)
invariant under the gauge transformations
δhm|a = 2dǫm|a − 2E(0)nσ
mn|b − µ¯abcε
npqΩbmnσ
c
pq
δΩamn = dσ
a
mn . (4.4)
4.1 Chern–Simons Gravity
As shown by E. Witten [6], gravity in three dimensions can be reformulated as a Chern-
Simons gauge theory. Let us briefly recall this formulation.
The kinetic term of the Chern–Simons action,
dmnA
m ∧ dAn (4.5)
(with A Lie algebra valued gauge field) can exist only if the Lie algebra admits a non
degenerate invariant metric dmn. For a semisimple group the Killing metric is non degen-
erate, so a Chern–Simons formulation is allowed. On the contrary, in general one cannot
construct a non–degenerate metric for a Poincare´ group. However, there is an exception:
there exists a non degenerate metric for ISO(2, 1), corresponding to the invariant bilinear
W = εmnpP
mJnp. If we replace the Lorentz generators Jmn (m,n = 0, 1, 2) with
Jm =
1
2
εmnpJnp (4.6)
we can write this metric as
〈Jm, Pn〉 = δmn, 〈Jm, Jn〉 = 〈Pm, Pn〉 = 0 . (4.7)
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The commutation relations of ISO(2, 1) take the form
[Jm, Jn] = εmnpJ
p
[Jm, Pn] = εmnpP
p
[Pm, Pn] = 0 . (4.8)
We can then construct a gauge theory for the group ISO(2, 1), by taking as gauge field
the Lie–algebra valued one–form
A = emPm + ω
mJm . (4.9)
The corresponding gauge transformations are equivalent on–shell to diffeomorphisms, and
the Chern–Simons action is
ICS = 2
∫ (
em ∧
(
dωm +
1
2
εmnpω
n ∧ ωp
))
(4.10)
which is the Einstein–Hilbert action in first order formalism.
Let us consider the algebra
[Jm, Jn] = εmnp (J
p + µP p)
[Jm, Pn] = εmnpP
p
[Pm, Pn] = 0 . (4.11)
The corresponding Chern–Simons action
I
′CS =
∫ (
2em ∧
(
dωm +
1
2
εmnpωn ∧ ωp
)
+
1
3
µεmnpωm ∧ ωn ∧ ωp
)
(4.12)
is invariant under the gauge transformations
δem = dǫm − εmnpenσp + ε
mnpωnǫp + µε
mnpωnσp
δωm = dσm + εmnpωnσp . (4.13)
The algebra (4.11) is not a true deformation of ISO(2, 1). In fact, by a redefinition of the
generators
J ′m = Jm + µPm (4.14)
(4.8) becomes (4.11).
As a consequence, the action (4.12) should describe the Einstein theory, and it actually
occurs, at least at a classical level. If we perform the change of variable corresponding to
(4.14),
e′m = em + µωm (4.15)
the action (4.12) becomes the sum of the Einstein–Hilbert action and the Chern–Simons
action for SO(2, 1)
I
′CS =
∫ (
e
′m ∧ (2dωm + εmnpω
n ∧ ωp)− µωm ∧ (2dωm +
2
3
εmnpω
n ∧ ωp)
)
(4.16)
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whose field equations are
2dωm + εmnpω
n ∧ ωp = 0
2de′m + εmnpe
′n ∧ ωp − 2µ (2dωm + εmnpω
n ∧ ωp) = 0 . (4.17)
This action doesn’t admit a second order formulation, because the ωm fields are no longer
auxiliary fields. However, the space of its solutions coincides with the space of the solutions
of the Einstein–Hilbert action.
4.2 The ℓ→ 0 limit
Even if the first order actions (4.10), (4.12) describe (at least at a classical level) the same
theory, turning off the Einstein interaction one gets different theories, as we show in the
following.
In order to make properly this limit, we expand around a Minkowski background with
a dimensionful coupling constant ℓ, roughly speaking the Planck length. The fields emµ , ω
m
µ
are the connections of the gauge group, and have then dimension L−1, while the spin–two
field has dimension L−1/2. So we define
em = ℓ
−1Em = ℓ
−1(E(0)m +
1
2
ℓ1/2hm) = ℓ
−1E(0)m +
1
2
ℓ−1/2hm (4.18)
ωm = ℓ
1/2Ωm . (4.19)
Here Emµ is the dimensionless vielbein, and E
(0)m
µ is the constant background vielbein. We
consider the Minkowski background, that is, E(0)
m
µ = δ
m
µ . The fields h
m
µ have dimension
L−1/2, while the fields Ωmµ have dimension L
−3/2 (the dimension of Ω is defined in such a
way that the linearized action does not depend on ℓ). The action (4.12), in terms of these
fields, becomes
I
′CS =
∫ (
hm ∧ dΩ
m + εmnpE
(0)m ∧ Ωn ∧ Ωp+
+
1
2
ℓ1/2εmnph
m ∧ Ωn ∧ Ωp +
1
3
µ¯εmnpΩ
m ∧ Ωn ∧ Ωp
)
(4.20)
where we have defined
µ¯ ≡ ℓ3/2µ . (4.21)
The gauge transformations (4.13) become (after a rescaling of the gauge parameters)
δhm = 2ℓ1/2δem = 2dǫm − εmnp(2E(0)n + ℓ
1/2hn)σp + 2ℓ
1/2εmnpΩnǫp + µ¯ε
mnpΩnσp
δΩm = dσm + ℓ1/2εmnpΩnσp . (4.22)
If we take the limit
ℓ→ 0 , µ¯→ 0 (4.23)
of the theory (4.20), (4.22), we have
I0 =
∫ (
hm ∧ dΩ
m + εmnpE
(0)m ∧ Ωn ∧ Ωp
)
. (4.24)
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After fixing the Lorentz gauge with the condition
hmµ = h(mµ) (4.25)
we can solve for the auxiliary field Ω
Ωµνα = ∂[µhν]α (4.26)
finding the Pauli–Fierz action with the abelian gauge symmetry δhµν = 2∂(µǫν).
If we take the limit
ℓ fixed , µ¯→ 0 (4.27)
of the theory (4.20), (4.22), we have
IE−H =
∫ (
hm ∧ dΩ
m + εmnpE
(0)m ∧ Ωn ∧ Ωp +
1
2
ℓ1/2εmnph
m ∧ Ωn ∧ Ωp
)
. (4.28)
By solving for the auxiliary field Ω and fixing the Lorentz gauge as in (4.25), one recovers
the Einstein–Hilbert action with diffeomorphism invariance.
Let us now consider the limit
ℓ→ 0 , µ¯ fixed (4.29)
of the theory (4.20), (4.22),
IEX =
∫ (1
2
εmnph
mdΩnp +
1
2
εmnpE
(0)m ∧ Ωnq ∧ Ω
qp +
1
3
µ¯Ω mp ∧ Ωmn ∧ Ω
np
)
(4.30)
δhm = 2dǫm − 2E(0)nσ
mn − µ¯εnpqΩmnσpq
δΩmn = dσmn , (4.31)
where we have defined Ωmn = εmnpΩp, σ
mn = εmnpσp. In the action (4.30) the fields Ω
mn
are non–propagating, then we can solve for them in terms of the hm. However, we cannot
find a closed expression for Ωmn = Ωmn(h), this can be worked out only order by order in
µ¯. So, the action in second order formulation has an infinite number of terms.
This is not a real problem, because the action (4.30), in first order formulation, is
perfectly consistent. It is exactly invariant with respect to the gauge transformations
(4.31). Notice that it is not necessary to add terms at higher order in µ¯ to the gauge
transformations, because the term in µ¯ in the action depends only on Ωmn, and the gauge
transformation of Ωmn doesn’t contain µ¯.
Let us consider the theory (4.30), (4.31) in second order formalism, at first order in
µ¯. The gauge transformations, in components, are
δhαµ = 2∂(αǫµ) + 2∂[αǫµ] − 2σαµ + µ¯ε
βγδΩβαµσγδ
δΩαβ = dσαβ (4.32)
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where we have used E(0)
m
α = δ
m
α to transform the flat indices in curved indices. We fix
the Lorentz gauge by imposing
hαµ = h(αµ) , (4.33)
consistency of the (4.33) implies
σαβ = ∂[αǫβ] +O(µ¯) . (4.34)
By varying the action with respect to Ωab we find
Ωµα = ∂[µhν]α +O(µ¯) , (4.35)
so we get
IEX = I0 + µ¯
∫
d3x
(
1
3
εαβγηρσ∂[ρhµ]α∂
[µh
ν]
β ∂[σhν]γ
)
+O(µ¯2) (4.36)
and
δǫhαµ = 2∂(αǫµ) +
1
2
µ¯εβγδ
(
∂[βhα]µ + ∂[βhµ]α
)
∂γǫδ +O(µ¯
2) , (4.37)
which is the ”exotic” deformation (3.19), (3.15) found in the previous section, specialized
to a single spin–two field.
The gauge algebra, at first order in the deformation parameter, can be read off from
a2 (3.13):
[δǫ, δη] = δτ (4.38)
with
τα ≡
µ¯
8
εβγδ(∂
[αǫβ]∂[γηδ] − ∂[αηβ]∂[γǫδ]) +O(µ¯2) . (4.39)
We stress again that this algebra is a deformation of the abelian gauge algebra, different
from the diffeomorphism algebra.
4.3 Counting the degrees of freedom
It is a well known fact that gravity in three dimensions has no local physical degrees of
freedom 5. The same holds for the Pauli–Fierz theory. One could ask if the ”exotic”
theory (4.30), (4.31) has or not physical degrees of freedom. To answer to this question,
we perform the canonical analysis of that theory (cfr [12] for the canonical approach to
constrained systems).
We start with the free Pauli-Fierz action in three dimensions. This analysis extends
then easily to the case of (4.30). The action is
SC.S.free =
∫
d3xL =
∫
d3xεµνρ
[
1
2
hµm∂νΩ
m
ρ +
1
2
∂ρhµmΩ
m
ν + εmnpδ
m
µ Ω
n
ν Ω
p
ρ
]
. (4.40)
The configuration space has dimension 9 + 9 = 18, so the phase space has dimension 36.
There are 18 primary constraints. Consistency of the constraints gives us 6 secondary
constraints, which are preserved in time. Out of these 24 constraints, 12 are first class.
5see [6] for a discussion on this point.
15
The 12 remaining are then second class and the number of physical degree of freedom is
0, as it should.
Adding the new term
Lexo. =
1
3
µΩ mµ Ω
n
ν Ω
p
ρ εmnpε
µνρ (4.41)
to the lagrangian, the primary constraints don’t change. The canonical hamiltonian
acquires a new term which affects the calculation of the consistency of the constraints.
However, even if the expression of the secondary constraints change, its number and type
(which are first class, which are second class) do not change. So, even the theory (4.30),
(4.31) has no local physical degrees of freedom.
4.4 The case of N spin–two fields
The theory (4.30), (4.31) can be simply generalized to the case of N > 1 spin–two fields.
It becomes
IEX =
∫ (1
2
δab
(
εmnph
m|a ∧ dΩnp|b + εmnpE
(0)m ∧ Ωn|aq ∧ Ω
qp|b
)
+
+
1
3
µ¯abcΩ
m|a
p ∧ Ω
b
mn ∧ Ω
np|c
)
(4.42)
δhm|a = 2dǫm|a − 2E(0)nσ
mn|b − µ¯abcε
npqΩbmnσ
c
pq
δΩamn = dσ
a
mn (4.43)
where µ¯abc ≡ δadµ¯
d
bc. The action (4.42) is invariant under (4.43) provided
µ¯abc = µ¯(abc) . (4.44)
If we solve the equation for Ωamn at first order in µ¯, we find the Pauli–Fierz action with
the deformation and gauge symmetry (3.19), (3.15).
It is worth noting that because of the gauge invariance (4.43), which is only at first
order in µ¯, we know that the master equation at higher order has to be satisfied without
requiring further conditions. So, the result of the previous section
(a2, a2) = γc (4.45)
can be understood in this context. In particular, while in the case of the deformation
studied in [1] (4.45) required the associativity of the algebra
aab[ca
b
d]e = 0 , (4.46)
in our case (4.46) is not required. As a consequence, the proof of the decoupling of the
modes given in [1] is no more valid, and the theory (4.42), (4.43) actually describes the
coupling of a collection of massless spin–two fields.
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Appendix
A Deformation of d = 3 gravity
We know that the Pauli–Fierz action for a single massless spin–two field admits two
possible deformations: general relativity and the deformation (3.19),
aEX0 =
1
3
εαβγηρσ∂[ρhµ]α∂
[µh
ν]
β ∂[σhν]γ . (A.1)
One could ask what happens if both of them are turned on. What we find is that Pauli–
Fierz action (for a single massless spin–two field), deformed by general relativity and our
”exotic” deformation, is strictly related to the ”topologically massive gravity” found by
S. Deser, R. Jackiw and S. Templeton [9]. These two theories are formally related by
a field redefinition (more precisely, a BRST transformation), which can be defined only
perturbatively, order by order in the parameter.
A.1 The Deser-Jackiw-Templeton theory
Let us start by describing the Deser-Jackiw-Templeton (DJT) theory. Its action is6
IDJT =
∫ (
ea∧(2dωa(e) + εabcω
b(e) ∧ ωc(e))− µωa(e) ∧ (2dωa(e) +
2
3
εabcω
b(e) ∧ ωc(e))
)
(A.2)
where
ωa(e) =
1
2
εabcω
bc(e) (A.3)
6Here we call µ what in the DJT theory is called 1/µ.
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is the solution of the torsion equation dea + ωab ∧ eb = 0. Apparently this second order
action looks similar to the first order action (4.16), but in (4.16) ω is a first order prop-
agating field, so that action doesn’t admit a second order formulation. This difference is
crucial, because (4.16) gives (at least at a classical level) general relativity, while (A.2)
does not.
The DJT theory describes a massive spin–two field, and it is invariant under diffeo-
morphisms. The action (A.2) is the sum of the Einstein–Hilbert action and of the action
of conformal gravity in three dimensions. The theory with this latter action alone is con-
formally invariant, and it as been proven [15] to be equivalent to the Yang–Mills theory
of the conformal group in three dimensions (with a Chern–Simons action). However, in
the DJT theory, the former Einstein–Hilbert term break conformal invariance.
The linearization of the DJT action is
I0 =
∫
d3x
(
−hµνG
µν
L − µεαβµ∂
αhβνG
µν
L
)
(A.4)
where GµνL is the linearized Einstein tensor.
A.2 Deformation of Pauli–Fierz theory and DJT theory
Let us consider general relativity, seen as a deformation of the Pauli Fierz theory. The
solution of the master equation is
W =W0 +
∫
d3x
(
λa(λ) + λ2a(λ
2)
)
+ . . . (A.5)
where
W0 =
∫
d3x
(
−hµνG
µν + 2h∗αβ∂αCβ
)
(A.6)
and
a(λ) = a
(λ)
0 + a
(λ)
1 + a
(λ)
2 , (A.7)
a
(λ)
0 is the cubic vertex of the Einstein–Hilbert action,
a
(λ)
1 = −2h
∗αβΓαβγC
γ (A.8)
a
(λ)
2 = C
∗αCβ∂αCγ . (A.9)
This theory is invariant under diffeomorphisms. The gauge symmetry and gauge algebra
can be read off from the solution of the master equation by looking at their antibrackets
with the field hαβ and the ghost C
α, respectively. In our case, the contributions to these
antibrackets come only from the terms with antighost numbers 1 and 2 respectively. We
have 7
(2h∗αβ∂αCβ + λa
(λ)
1 , hαβ) = 2∂(αCβ) − 2λΓαβγC
γ (A.10)
(λa
(λ)
2 , C
α) = −λCγ∂αCγ . (A.11)
7Here and thereafter, the antibracket between two local quantities (a(x), b(y)) is a shorthand notation
for (
∫
a, b(x)).
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Let us consider now the DJT theory. Its action, up to order λµ, is
IDJT = I0 +
∫
d3x
(
λa
(λ)
0 − µεαβµ∂
αhβνG
µν
L
+λµ
1
3
εαβγ∂[µhν]α∂
[νh
ρ]
β∂[ρhσ]γη
µσ + λµGµνL (. . .)
)
+O(λ2, µ2) . (A.12)
The term of order µ is δ–exact, and can then be interpreted as coming from a BRST
transformation generated by
b(µ) = h∗αβ
1
2
εµν(α∂
µhνβ) , (A.13)
which is equivalent to the field redefinition
hαβ −→ hαβ + µ
1
2
εµν(α∂
µhνβ) . (A.14)
The term of order λµ in (A.12) is the ”exotic” deformation (A.1), plus other BRST–exact
terms. So, up to order λµ, by deforming the free Pauli–Fierz action with both the general
relativity deformation and the deformation (A.1), we get the DJT theory.
It is possible to go deeper into this statement, and prove that such a theory is diffeo-
morphism invariant up to order λµ, by using the cohomological tools. We add to general
relativity the deformation discussed in section 3, with a coupling constant λµ:
WGR+EX =W0 +
∫
d3x
(
λa(λ) −
1
2
λµaEX
)
+O(λ2) (A.15)
where aEX = aEX0 + a
EX
1 + a
EX
2 has been defined in (3.19), (3.15), (3.13). Then we make
a BRST transformation generated by
b˜ : f → (f, b(µ) + λb(λµ)) (A.16)
where b(µ) has been defined in (A.13), and
b(λµ) = −
1
4
h∗αβεµνγhνβ∂µhγα +
1
2
h∗αβεµνα(
1
4
∂βhνγ + ∂[νhγ]β)h
γ
µ ) +
1
4
C∗βCγεµνγ∂
γhνβ +
1
8
C∗βεµνγhγβ∂µCν +
1
4
εµνβh
γ
µ
1
2
(∂νCγ + ∂[νCγ]) .
(A.17)
The solution of the master equation becomes
W
′GR+EX = eµb˜WGR+EX =
=W0 +
∫
d3x
[
µ(W0, b
(µ)) + λa(λ) + µλ
(
(aλ, bµ)−
1
2
aEX
)]
+O(λ2, µ2) .(A.18)
This theory is diffeomorphism invariant up to order λµ. In fact, we have
(
W
′GR+EX , hαβ
)
= 2∂(αC˜β) − 2λΓαβγC˜
γ +O(λ2, µ2) (A.19)(
W
′GR+EX , C˜α
)
= −λC˜γ∂αC˜γ +O(λ
2, µ2) (A.20)
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where C˜α is the ghost corresponding to the new diffeomorphism parameter, defined as
C˜α = Cα −
1
4
µεαµν∂
µCν . (A.21)
Higher order deformations could be necessary to restore diffeomorphism invariance to
orders higher than λµ. However, by confronting the derivative structure of that terms it
is simple to see that such possible further deformation cannot be of the kind studied in
this paper, that is, deformations changing the gauge algebra, namely having a2 6= 0.
It is worth noting that the theory without the deformation aEX is simply general
relativity, expressed in different fields. In terms of this new fields, defined by (A.14), it is
no more diffeomorphism invariant, because it doesn’t satisfy relations with the structure
of (A.10), (A.11). The deformation aEX is exactly what we need in order to restore
diffeomorphism invariance after the field redefinition.
However, terms in the BRST transformation at higher order in µ are necessary to
transformWGR+EX in the DJT theory. Then, the field redefinition is polynomial in µ, and
this series can be defined only order by order in µ. It cannot converge to an invertible field
redefinition, because nonperturbatively the theory WGR+EX has no degrees of freedom,
while the DJT theory has two degrees of freedom [9]: it describes a spin–two field with
mass 1/µ (in our notations). In general, such a change of degrees of freedom can formally
occur when the field redefinition involve derivatives.
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